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Numerical Study of Unsteady Viscous Flow past a Lifting Plate
ROBERT A. SCHMALL* AND ROBERT B.

University of Arizona, Tucson, Ariz.

Numerical predictions are made for the unsteady two-dimensional viscous flow past a finite flat plate at
angle of attack. The flow is analyzed from the standpoint of vorticity production and transport using the
complete vorticity transport equation. The entire fluid motion is ultimately calculated through application of
the velocity induction law (Law of Biot-Savart). Fundamental to the approach is the specification of "bound"
and "sheet" vortex distributions at the plate location. These are so constituted that the surface adherence
condition appropriate to the viscous flow is satisfied. The analysis shows how the vortex distributions arise,
their interrelationship, and their effect on the developing rotational flow about the plate. Results are first
presented for a low Reynolds number flow (Re = 4) at zero angle of attack. These are followed by results
for the plate at 30° angle of attack for Reynolds numbers of 4 and 400. The flow simulation is found to be
very good, and to whatever extent possible, the results are compared with those from earlier works based
on conventional approaches involving the stream function. The comparisons are quite satisfactory.

Nomenclature
Bp = series coefficients in expression for y, Eq. (5)
K = time-function of integration in expression for y
L = cord length of the plate
m = summation index in Eq. (13)
n = number of time increments
Re = Reynolds number, UL/v
t = time
U = velocity of the undisturbed fluid
u = velocity component parallel to the plate
v = velocity component transverse to the plate
X = dummy variable of integration
x = coordinate measured parallel to the plate from the midcord
Y = dummy variable of integration
y = coordinate measured transverse from the plate
a = angle of attack of the plate, Fig. 1
y = bound vorticity distribution along the plate cord
0 = polar angle, Fig. 1
v = kinematic viscosity
£ = dummy variable of integration
Q = total free vorticity in the fluid
a) = free vorticity distribution in the fluid
A = finite increment

Superscripts
+ = upper surface of the plate
— = lower surface of the plate

Subscripts
b = contribution to the velocity from the bound vorticity (boundary

property)
/ = contribution to the velocity from the free vorticity (fluid

property)
i,j = node indices in the x, y directions

Introduction

THE long list of recent contributions to computational fluid
dynamics1 is evidence of the growing interest in the subject.

The book by Roache2 gives an excellent orientation to the
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subject plus a description of the many existing numerical
approaches. With few exceptions, the accepted techniques for
calculating unsteady two-dimensional flows are based on the
dynamical and kinematical relationship between the vorticity
and stream function. Differences are due primarily to the choice
of implicit vs explicit time methods, representation of the spatial
derivatives, and implementation of the vorticity boundary condi-
tion at solid surfaces. Although some important features of the
methods have yet to be investigated, including their transportive,
conservative, and stability properties, it does appear that the
conceptual foundations have been fully established.

Departing from past conventions, Lighthill3 has outlined a
fundamentally different approach for the calculation of unsteady
incompressible viscous flows. Although the basic flow variable
is still the vorticity, this being in common with other methods,
dependence on the stream function is completely eliminated.
Instead, the velocity field is computed from the velocity induc-
tion law, also known as the Law of Biot-Savart. Whereas this
law is encountered most frequently in connection with inviscid
flows, it is purely kinematical in nature, and therefore, it is
valid for nonsteady viscous as well as inviscid flows.

Fundamental to Lighthill's approach is the calculation of the
vorticity production at solid surfaces. To obtain this, the Biot-
Savart Law is first used to calculate the velocity field every-
where in the fluid at some instant of time. It is then recognized
that the velocities thus obtained need not satisfy the viscous
adherence condition at solid boundaries. In particular, there
may be a slip-component tangential to the surface. When this
occurs, new total vorticity must instantaneously appear at the
surface in just such measure that the velocity field due to this
new vorticity, when combined with that previously determined,
reduces the slip velocity to zero. This new vorticity forms a
vortex sheet, the local strength of which is given by the local
tangential slip velocity. The slip velocity, then, is a measure of
the vorticity production at solid surfaces. However, the manner
in which this quantity is incorporated into the subsequent
calculation of the new vorticity field is subject to some inter-
pretation. One scheme for doing this has already been used by
Paolino4 and Kinney and Paolino5 in their numerical predic-
tions for the unsteady flow near the leading edge of a semi-infinite
flat plate. An extension of this same scheme has been
used in the present work and will be described in the later
sections.

Recent Related Work

During the course of this investigation, Wu and Thompson6

and Chorin7 have reported numerical approaches which are
remarkably similar to that described by Lighthill.3 Each make
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use of the Biot-Savart Law as well as the vorticity transport
equation. However, differences do exist in the implementation
of the vorticity boundary condition at solid surfaces. This, of
course, is one of the most critical aspects of any computational
procedure.

Wu and Thompson6 first calculate the velocities at points in
the fluid from the Biot-Savart Law. Using these values in
conjunction with the velocity boundary conditions (prescribed
on each of the boundary cells adjacent to the solid surface),
the vorticity inside the boundary cell is obtained from a finite-
difference representation of the curl of the velocity vector. In
so doing, it is especially critical that the boundary vorticity
maintain zero normal velocities at all points on the surface.
This boundary value for the vorticity is then used in the solution
of the vorticity transport equation. Two flow examples are
treated. For the first example, in which the symmetrical flow
about an infinite plate is calculated, the normal velocity at
the plate is automatically zero. Therefore, it does not enter into
the determination of the boundary vorticity, which is simply
equal to the velocity obtained at the node point above the
plate divided by the vertical node spacing. The situation is
quite different for their second example, however, in which the
two-dimensional flow about a circular cylinder is treated.
Unfortunately, no details are given in the paper as to how the
curl of the velocity vector (and thus the boundary vorticity) is
actually obtained, but a total of fifteen different schemes were
evaluated before a final choice was made.

Chorin7 presents a method which looks very promising for
treating two-dimensional viscous flows at high Reynolds
numbers. Although there are many interesting aspects to his
approach, discussion here will be limited to the implementation
of the vorticity boundary condition. For a given vorticity field in
the fluid, the Biot-Savart Law is used to obtain the normal
component of velocity induced at points along the solid
boundary. The boundary points are centred on a finite number
of segments covering the outline of the solid body. A potential
velocity field is then constructed which has the negative value
of this normal velocity at the boundary points. When the
potential velocity field is added to the rotational velocity field
because of the fluid vorticity, the resultant fluid motion appears
to slip tangentially over the surface. Thus, maintenance of a
zero normal velocity at the surface is guaranteed. The apparent
slip velocity is next computed at the boundary points. Up to
this point, the concept is essentially as outlined by Lighthill.-3

Enforcement of the zero slip condition causes total vorticity to
appear at the boundary in the form of a vortex sheet. The
boundary vorticity, which by the way occupies the entire
boundary-layer thickness (presumed to be thin because of the
high Reynolds number), has a local value equal to the product
of the slip velocity and the length of the boundary segment
from which it originates. In a broad sense, the sheet vorticity
specifies the boundary value for the vorticity which is eventually
transported throughout the fluid by convection and diffusion.
Inherent in this approach is the requirement that the boundary-
layer thickness on the body be infinitesimal, but allowance
is made for a rotational wake-development behind the body.
The method is used to calculate the two-dimensional flow past
a circular cylinder, and the results are in good accord with
those from previous studies.

Problem Statement and Theoretical Approach
In the present paper, numerical predictions are made for the

unsteady two-dimensional flow past a lifting plate. The plate
is infinitesimal in thickness but finite in length. It is initially
at rest in a motionless, incompressible, and unbounded viscous
fluid. At some instant in time, the plate is impulsively accelerated
to a finite velocity which is maintained constant thereafter.
The velocity vector of the plate makes an angle with the plate
cord. In a coordinate scheme fixed to the plate, the fluid
appears to flow past the plate which is maintained at a specified
angle of attack to the freestream. The angle of attack and

Reynolds number are parameters to be varied in the calculations,
and the flow development is to be followed as a function of
time. Only one previous study by Lugt and Haussling8 is
known to the authors which treats a similar flow problem.
They analyzed the unsteady two-dimensional flow past a thin
elliptic airfoil, rather than a flat plate. Also, they employed the
more conventional vorticity-stream function approach.

In the present paper, the vorticity concepts originally outlined
by Lighthill3 and discussed above are used as the basis for
the numerical calculations. Attention is focused here on the low
to moderate Reynolds number range for which the vorticity
layer adjacent to the plate has appreciable thickness. Thus, in
contrast to Chorin's7 work, the details of the flow very near
the body are important.

In order to analyse the flow, a bound vortex is placed
coincident with the plate cord. The bound vortex is so distributed
as to insure that the normal velocity component of the fluid
at the plate is zero for all time. Thus, the bound vortex
plays the same role as the potential-velocity function used by
Chorin,7 but no counterpart exists in the approach used by Wu
and Thompson.6 The tangential adherence condition is satisfied
by interposing vortex sheets between the fluid and the upper
and lower surfaces of the plate. The vortex sheets act as
distributed surface sources (or sinks) for the vorticity which
ultimately enters the fluid by diffusion.

As pointed out by Batchelor,9 the analogy between vorticity
and heat diffusion is quite close, particularly in two dimensions.
The kinematic viscosity v is analogous to the fluid thermal
conductivity. Thus, —vdco/dy represents the molecular flux of
total vorticity in the ^-direction. At the plate, where the fluid
velocity must be zero, this term describes the transverse flux
of total vorticity from the plate into the fluid. This vorticity is
subsequently transported throughout the fluid and is termed the
"free" vorticity. The "bound" vorticity, which occupies the
location of the plate, is never released to the fluid.

It remains to relate the vortex sheet strength to the surface
flux of free vorticity into the fluid. On this point, Lighthill
is not explicit, and some interpretation is necessary. In this
work, the apparent slip velocity is first calculated at points along
the plate due to the bound and free vortex distributions. This
is in accordance with Chorin.7 This slip velocity then specifies
the amount of new free vorticity which must subsequently
enter the fluid during a small time interval At. This defines
the essential boundary condition which must be used in the
solution of the vorticity transport equation. The boundary
condition does not involve the vorticity itself at solid surfaces,
nor even its normal derivative. Rather, the boundary value
specified is the integral over an incremental time of the normal
derivative of the free vorticity evaluated at the surface. An
explicit expression for this boundary condition plus other details
pertinent to the analysis are given in the next section.

Analysis
A Cartesian coordinate system is fixed to the plate at mid-

cord, and the angle of the plate relative to its direction of
motion is denoted by a (see Fig. 1). In the chosen reference
frame, the plate of length L appears to be stationary, and the
speed of the undisturbed fluid is given by U. The flow is
assumed to be two dimensional.

Initially, the free vorticity of the fluid is zero, but after some
time has elapsed, a rotational fluid layer develops near the plate.
The free vorticity in this layer is governed by the unsteady
equation

da) d d 1 fd2co d\D
— + — (wco) + —(M - — -r-2 + y-dt dx dy Re \dx* d (D

where all the variables have been made dimensionless by U
and L.

Because of the unsymmetrical flowfield, the free vorticity
associated with the fluid can induce a net normal component
of velocity at locations along the plate cord. Let this normal
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x = -.5 x = 0 x = + .5

Fig. 1 Schematic diagram of the flow configuration and coordinate
system.

velocity relative to the plate be denoted by vf(x,Q,t), where
the subscript / is a reminder that this is the contribution
from the free vorticity. Applying the velocity induction law
(Biot-Savart Law), one obtains

(2)

In our convention, CD is positive in the clockwise direction.
It should also be mentioned that a tangential velocity component
is generally induced at the plate as well. This will be discussed
at a later point in the analysis.

Since a relative normal velocity cannot be tolerated at the
plate surface, a distribution of bound vorticity y(x, t) is super-
imposed along the plate cord. The velocity field of this must be
sufficient to just cancel vf(x,Q,t) plus the freestream velocity
component, sin a. One thus obtains the following integral
relationship for y :

where the right-hand side of Eq. (3) is considered known. Also,
y is taken to be positive in the clockwise direction.

At this point it is interesting to note that Vf(x,Q,t) plays
the same role as the derivative of the camber function in
thin-airfoil theory.10 Indeed, for purposes of applying viscous-
fluid corrections to ideal-fluid calculations, it can be envisioned
that the viscous fluid adjacent to the plate "induces" camber
on the flat airfoil.

Adopting the classical procedure for obtaining y from Eq.
(3), one finds

cos f) K(t\ °°
y(8,t)= -[B0(t) + 2sina] —— - -^ + 2 £ Bp(i) sin (p0)

sin v
where

Bp (t) = -p - vf(0, 0, t) cos (p0) dO, (p = 0, 1 , 2, . . .)n Jo

(4)

(5)

In the foregoing, K(t) is an arbitrary function of integration,
and 9 is related to x by the transformation x = ^cosO. It can
thus be seen that y is implicitly dependent on the field of
free vorticity through the constants Bp. It will be shown sub-
sequently that the function K(t) is dependent on the surface
generation of free vorticity at the plate.

In steady ideal-fluid flat-airfoil theory, K is a constant which
is usually determined from the Kutta condition. This condition
requires that y = 0 at 0 = 0 (i.e., the fluid leaves smoothly
from the trailing edge of the plate). However, this condition
cannot be imposed in this unsteady analysis. Rather, K is
determined from the stronger requirement that the total vorticity
(free plus bound) be zero at every instant of time. That is,

- 1 / 2

y(x, t) dx +
-1/2

co(X,Y,t)dXdY = (6)

Denoting the double integral of free vorticity in the foregoing
by Q, and after integrating the expression for y over the plate
cord, one obtains from Eq. (6)

K(t) = [Xl(t)/n~] + Bl(t) (1}
This rather simple result is a consequence of the orthogonality
of the trigonometric functions over the interval 0 to n.

Although in some instances Q can be evaluated from the
integration of co over the entire flowfield, it is more general
to make use of the fact that all of the free vorticity in the
fluid has originated from the plate surface. Since in dimensional
notation — v dw/dy evaluated at y — 0 denotes the surface flux of
total free vorticity from the plate into the fluid, one can write
the equivalent expression for Q as follows:

1 1/2 fR>,o+,o-^(-1/2 Jo \_dy dy dt'dx'
(8)

where care has been taken to separate the contributions from
the upper (y = 0+) and lower (y = Q~) portions of the plate.
Also, the variables appearing in Eq. (8) have been made non-
dimensional. The technique used to evaluate Q(r) will be outlined
at a later point in the analysis.

The development thus far has been concerned with the
construction of the bound vorticity field such that the plate
condition on the transverse velocity component is satisfied.
We now turn our attention to the satisfaction of the adherence
condition as applied to the u component of the velocity.

Just as co can induce a v component of velocity at the plate,
so can it induce a u component of velocity as well. One
obtains for this contribution

uf(x,Q,t) = -
1 Yco(X, Y, t)

dXdY (9)

In addition, there is associated with the bound vorticity an
apparent tangential velocity discontinuity across the plate. That
is,

ub(x,0+,t)-ub(x,Q-,t} =y(x,t) (10)

From aerodynamic theory, it is known further that ub(x,Q+, t} =
— ub(x,Q~ ,t], from which it follows that ub(x,Q±,t) = ±?y(x,t).
When the two contributions, uf and ub, are added to the
x component of the freestream velocity, "apparent" slip velocities
exist on the upper and lower surfaces as follows:

f) (lla)
f) (lib)

No distinction is made for the upper and lower surfaces when
specifying uf(x, 0, t), since it is the same at each location. From
Eq. (11), it is seen that y(x,t) still represents the difference
between the apparent slip velocities on the upper and lower
surfaces.

The right-hand members of Eq. (11) contain all known
quantities. In general, their sum will not be zero. Since a
tangential velocity-slip at the plate cannot be tolerated in a
viscous flow analysis, the "apparent" slip must be eliminated
by interposing vortex sheets between the fluid and the plate
surfaces. The velocity field of the upper and lower sheets must
be sufficient to reduce both slip components to zero. Thus,
the vortex sheet strengths are given, respectively, by wsi ip(x,0+, t)
andMSHp(x,0~,0.

As pointed out by Lighthill,3 the two vortex sheets give rise
to a surface flow of free vorticity into the fluid. This is expressed
by

< /*t + Af ^

- 5" ~(*,0+,f)^' = ws.ip(x,0+,r) (12)Re]t dy
An analogous relationship holds for the bottom surface. This
important result shows that the local slip velocity at any time t
determines the amount of new free vorticity per unit area of
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the plate which enters the fluid in the subsequent time incre-
ment At. The only restriction is that At be sufficiently small
that this new vorticity is confined to a very thin layer adjacent
to the plate. Equation (12) is the essential boundary condition
to be used in the numerical solution of Eq. (1).

In applying Eq. (12), the sign convention adopted here is
important to keep in mind. For a positive slip velocity on
the upper surface, positive (clockwise) free vorticity is generated.
On the other hand, a positive slip velocity on the lower
surface generates negative free vorticity. The sign of the slip
velocity is thus important in determining which portions of the
plate act as vorticity sources and which act as vorticity sinks.
Lighthill3 has emphasized that a vorticity-source region, followed
downstream by a sink region, is usually a precursor to flow
separation (perhaps better called flow stagnation for unsteady,
low Reynolds number flows).

Equation (12) provides a convenient means for evaluating the
amount of free vorticity, and thus Q(t), in the fluid at any
time. If t = rcAt, where n is the number of time increments
elapsed, one has from Eq. (8)

1/2

(13)
with Q(0) = 0. It is important to note that the summation
proceeds over n— 1 time steps. Also, in view of Eq. (11), the
integrand of Eq. (13) is equivalent to y(x, wAt).

It remains only to specify the velocity at points in the fluid.
The x component of velocity is obtained from the velocity
induction law as follows :

u(x, y, t) = cos a + —
2nIffU-oo J-c

(y-Y)co(X,Y,t)

yy(t.t) (14)

This can be recognized as a generalization of Eq. (11) for y ^ 0.
Although v(x, y, t) can be obtained in an analogous manner, it is
more straightforward to use the equation of continuity once
u(x, y, t) is known.

This completes the analytical framework. The numerical
scheme used to solve the foregoing equations will be presented
in a later section. Before turning to this, however, it will be
helpful to describe a typical calculation cycle.

Computational Procedure
The solution scheme will be described for the general flow

configuration with a / 0. At zero angle of attack, the procedure
is greatly simplified, as will be shown at the end of this section.

The fluid and plate are initially at rest. At t = 0 + e, e <^ At,
the plate is moved impulsively to the left. Initially the free
vorticity of the fluid is zero, and thus vf(x, 0, e) and uf(x, 0, e)
are zero. From Eqs. (4, 5, 7, and 13), K(e) is zero, and y(x,e)
is the same as that obtained for potential flow past a nonlifting
plate. The apparent slip velocities can be evaluated from Eq. (11),
following which Eq. (12) is used to determine the amount of
free vorticity which enters the fluid from the plate surface during
the first time increment At. This is the essential boundary
condition needed to start the solution of Eq. (1). The velocity
components appearing in Eq. (1) are those corresponding to
potential flow past a nonlifting plate.

Suppose now that some time t has elapsed, and the fluid is
permeated with free vorticity. All flow variables, including the
apparent slip velocity at the plate are known. The procedure is
as follows:

1) From Eq. (12) and its counterpart on the lower surface, the
total flow of free vorticity during the next time increment At
is obtained per unit area of the plate surface.

2) Since the velocity field must be determined simultaneously
with the vorticity field, estimates for u and v are used in the
integration of Eq. (1). These are taken to be the velocity com-

ponents at the previous time t. With these and the prescribed
surface flow of free vorticity, an estimate of the free vorticity
field is obtained at t + At by integrating Eq. (1).

3) The quantities vf and u f , from Eqs. (2) and (9), respectively,
are next calculated.

4) The quantity Q is obtained from Eq. (13), this requiring
only a knowledge of the distribution for y up through the time t.

5) The Bp$ are evaluated next, so that with Eq. (7), the
distribution of y at the current time can be obtained.

6) Having obtained y, a better estimate of the velocity field in
the fluid at t + At can be determined from Eq. (14) plus the
continuity equation.

7) This new velocity field is then used to obtain a new estimate
for co at t + At through an integration of Eq. (1). However, in
carrying out this step, the surface flow of free vorticity over the
time interval is not changed from that determined in step 1 at
the start of the computational cycle. That is, the surface genera-
tion of free vorticity is completely specified by the flow con-
ditions at time t, and this does not change during the iteration
process.

8) Having then obtained a better estimate of co at t + At, the
calculations are repeated in the above manner for as many
iterations as necessary. The number of iterations is usually
dictated by the size of the time step At. In these studies, the
time step is so chosen that two sweeps through the calculation
cycle are sufficient.

The calculations are considerably simplified when the plate is
at zero angle of attack (nonlifting plate). In particular, y is
identically zero for all time. The calculation procedure only
involves steps 1-3 (with vf — 0 because of flow symmetry), 6,
and 7. This reduces to the procedures adopted by Kinney and
Paolino5 in their study of symmetrical flow past a semi-infinite
flat plate.

Numerical Methods
A system of node points is superimposed on the fluid sur-

rounding the plate, and around each node a control volume of
unit depth into the plane of flow is constructed. Let Ax,- and
Ajj denote the dimensions of the control volume in the plane
at the i-j node. In this case, i and j, respectively, identify the
location of each node in the x- and ^-coordinates. For the
present calculations, 1 ̂  i :g 75 and 1 <^ j ^ 30. The leading and
trailing edges of the plate are, respectively, located midway
between i nodes 19 and 20, and 39 and 40. Also, the plate cord
is midway between; nodes 15 and 16.

As a matter of convenience, the Ax; dimension was fixed
throughout the flowfield at 0.05 (the plate length is 1). The
&y-j dimension is not a constant but expands outward from above
the plate according to the relationship Ay;- = l.OBAyj-! (for
j ^ 17) and similarly for below the plate. The choice of the
smallest Ay dimension nearest the plate surface depends on the

LEADING
EDGE

Fig. 2 Typical node-arrangement relative to the plate surface.
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Reynolds number. For subsequent calculations performed with
Re = 4, this value was 0.05, whereas for Re = 400, the value
0.0125 was assigned.

Each node point is centered within each control volume. A
representative arrangement of nodes and control volumes near
the plate is depicted in Fig. 2. A vorticity balance is next
performed on each control volume in the fluid at the instant of
time (n-hi)Ar. One obtains for a typical node interior to the
flow (for constant Ax/)
rw.rh+
-

L Vt Ji J

- 1 / 2

•1 /2

VT-^ (15)
In the foregoing, vitj-ll2 and ^ J + i / 2 denote, respectively, the
transverse velocities at the control surfaces between nodes j-1
and;, and7'+! and).

It will be recognized that the present scheme uses an "upwind
differencing" method for the convection terms (assuming u and v
are positive). This has been used previously by Gentry, Martin,
and Daly.11 For regions of the flow in which u and v are
negative, the appropriate modification to Eq. (15) is made in
order to preserve this feature.

One then introduces the following approximations

-wTj (16)

(17)
and so on for each of the terms J in Eq. (15). Boundary con-
ditions are imposed on the free vorticity beyond the periphery
of the computational grid. In this study, the vorticity outside the
grid is set equal to zero. The u and v components of velocity
just beyond the computational grid are set equal to their values
corresponding to potential flow past a nonliving plate. For the
present study, this choice is immaterial since the calculations
were terminated before the vorticity at the outer fringes of the
grid increased significantly above zero. If appreciable vorticity
had been convected past the downstream boundary, the
specification of the velocities there would have been handled
differently.

In view of the flow of free vorticity from the plate surface
into the fluid, Eq. (15) was modified as follows for j = 14 and
20 ^ i !§ 39. The last two terms on the right-hand side were
replaced by (Axj/Ar)Msiip(x»',0~,nAt). For 7' =15, a similar
deletion was made to the third and fourth terms, and
(Axf/Ar)MSHp(Xi,0+ ,wAt) was inserted, where the apparent slip
velocities were obtained from Eq. (11). This assured that the
proper amount of free vorticity entered the fluid elements
adjacent to the upper and lower surfaces of the plate.

After Eq. (15) is written for each node, there results a set of
simultaneous equations for the free vorticity at each node point
for the time (n+l)Ar. The nonhomogeneous portion contains
all the flow variables at the previous time rcAr. The system of
equations was solved by successive iterations using the Gauss-
Seidel method.

It still remains to outline the calculation procedure used for
the distribution of bound vorticity and the velocity field. The

J After Roache,2 this approach corresponds to a combination of the
"Euler modified" treatment of the convection terms and the Crank-
Nicholson treatment of the diffusion terms.

essential ingredient to the determination of the bound vorticity
is the normal velocity component at the plate which is induced
by the free vorticity, Eq. (2). This was obtained by first
integrating the free vorticity with respect to x, holding y fixed.
The vorticity was assumed to vary linearly with x between
adjacent nodes. The result can be expressed as a finite sum
involving natural logarithms and arctangents. The integration
was next performed in the y direction using a semi-open
quadrature formula based on the trapezoidal rule. These steps
are quite straightforward, and length limitations preclude a
more complete development here. More details can be found in
the dissertation12 on which this paper is based.

The calculation of the Bp's was carried out using a linear
variation for vf (as a function of 9) between adjacent nodes along
the plate and integrating the result analytically. The first 25 such
coefficients were obtained and found to be sufficient to define
the series contribution to the bound vorticity. The quantity K
appearing in Eq. (4) was obtained at time (n-h l)Ar using
Eqs. (7) and (13). To evaluate Eq. (13), the apparent slip velocities
are needed only up through the time rcAr. These are given by
Eq. (11). The numerical integration with respect to x was carried
out using an open-interval modification of the trapezoidal rule.

The u components of velocity were obtained from Eq. (14)
using the same procedure to evaluate the double integral as that
described above in the calculation of vf. The integration of the
bound vorticity proceeded similarly with a linear approximation
for y being made between adjacent x nodes.

The v component of velocity needed at the upper and lower
surfaces of the control volume in the flow was obtained from
mass continuity once the u components were calculated. One
thus has

tf i j+ i /2 = ^j-i/2 + (Ay l-/2Ax i)(w i+1J-w i_1J) (18)
Known values for 1^-1/2 were first obtained along the entire
x axis. For that portion which coincides with the plate, this
velocity was set equal to zero. Upstream and downstream of
the leading and trailing edges, this velocity was calculated to be
the sum of the contributions due to the angle of attack and
that induced by the bound and free vorticities. The procedure

VORTICITY CONTOURS

- - - t - . O I

X—.475 .025

- t - . 2

1.0 0 1.0 0 1.0 0
VELOCITY PARALLEL TO PLATE, U

Fig. 3 Contours of constant vorticity and typical velocity profiles for
a - 0 and Re = 4.



NOVEMBER 1974 STUDY OF UNSTEADY VISCOUS FLOW PAST A LIFTING PLATE 1571

adopted here is similar to that already discussed. The transverse
velocities at the locations above and below the x axis were then
obtained through application of Eq. (18).

Results and Discussion
Plate at Zero Angle of Attack

Results were first obtained for zero angle of attack in order to
gain confidence in the numerical methods adopted. Because the
results of one other numerical study have been reported by Pao
and Daughty13 for this flow configuration, some comparisons
are possible. A Reynolds number of 4 was chosen for these
initial runs, and At was set equal to 0.0025.

Figure 3 shows contours of constant free vorticity at two
different times. Because of flow symmetry, only results for the
upper half-plane are shown. The time scale is so defined that it
gives the fraction of the plate length moved by the leading edge
following the impulsive start. This interpretation is exact for
zero angle of attack, but it must be modified when a ̂  0. It is
evident that as time proceeds, regions of high vorticity are
developed near the leading and trailing edges of the plate. These
are the locations where most of the free vorticity is produced.
The vorticity field is nearly symmetrical about the midcord,
but there is a slight bulging of the vorticity contours in the
downstream direction behind the trailing edge.

Typical profiles of u velocities are shown in the lower portion
of Fig. 3. Comparison of these results (not given here) at the
approximate midcord (x = 0.025) with those of Ref. 13 show
very satisfactory agreement at the last time shown. The slight
differences are probably due to the courser grid (Ax = Ay = 0.1)
used by Pao and Daughty plus a very minor mismatching of
the x and t values. They give results only for x = 0 and
t — 0.21. This earlier work does not present profiles for other
locations between the leading and trailing edges of the plate.
Moreover, a direct comparison of velocity profiles could not be
made in the regions upstream and downstream of the plate
because of misalignment in the x location of nodes. Nevertheless,
the basic features of the profiles computed in the present and
earlier works are identical, particularly the appearance of the
slight overshoot in the far-field velocity relative to the freestream
value.

t= .3

Fig. 5 Contours of constant vorticity at the last time computed for
a = 30° and Re = 4.

The calculations at zero angle of attack were not carried
beyond t = 0.2. The experience of Ref. 13 indicates that a true
steady state is not reached until t ^ 10, although past t ^ 2 the
results change exceedingly slowly with time. It is felt that the
limited results obtained for a = 0 in the present work generate
sufficient confidence in the numerical methods to justify carrying
out computations at some angle of attack, as well as at a higher
Reynolds number. These latter runs offer a more demanding
test of the present vorticity concepts.

Plate at Angle of Attack
Calculations have been made with a = 30° for Reynolds

numbers of 4 and 400. The angle of attack chosen is sufficiently
large to appreciably alter the flow symmetry as well as to cause
significant flow reversals near the leading and trailing edges.
The small Reynolds number was selected so that some com-
parisons could be made with the results from the previous
section.

Contours of constant vorticity are shown in Figs. 4 and 5 for
Re = 4. At the earliest time, the free-vorticity field is nearly anti-
symmetric about the midcord, but this appearance begins to
disappear as the plate develops lift (t = 0.3). The contours
corresponding to zero vorticity are significant since their inter-
section points with the plate surface identify where the wall shear

-— t«.o i — t« .3

.025

Fig. 4 Contours of constant vorticity at early times, for a = 30° and
Re = 4.

VELOCITY PARALLEL TO PLATE, U

Fig. 6 Typical velocity profiles for a = 30° and Re = 400.
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stress is zero. At low Reynolds number, these points are more
appropriately termed flow-stagnation points rather than separa-
tion points. Examination of the velocity profiles show that
near these points, the velocity boundary-layer thickness does not
change abruptly, as is usually the case for separated flows at
high Reynolds numbers. It appears that with increasing time,
the stagnation point on the lower surface moves nearer the
leading edge, whereas that on the upper surface moves nearer
the trailing edge.

Typical velocity profiles at locations along the plate are
shown in Fig. 6 for two different times. The profiles computed
nearest the leading and trailing edges (x = —0.475, and
+ 0.475) indicate slight reversed flow near the plate at the earlier
time. However, more spatial resolution of the flow is required
in these regions before the precise behavior of the velocity
profiles can be studied, particularly for small time. The node
point nearest the plate is 0.025 plate lengths above it.

In order to obtain results at the higher Reynolds number
of 400, the y increment nearest the plate was reduced to 0.0125,
but the time increment was increased to 0.005. The x increment
was unchanged from 0.05.

The change in flow character at the higher Reynolds number
is quite pronounced, as can be seen by comparing Figs. 5 and 7.
Of significance is the fact that the point of vanishing shear on
the upper surface has moved downstream to the trailing edge
at the last time shown (t = 0.2). Also, the well-defined region
of counter-clockwise vorticity downstream of the trailing edge
signals the initiation of vortex shedding there. Indeed, this
vorticity picture is qualitatively identical to that given by Lugt
and Haussling.8 This latter study was for a thin elliptic airfoil
with a = 45° and Re = 200. Also, the earliest flow pattern shown
was for t = 1.48. Nevertheless, it displays the same vorticity
development, but at a slightly more advanced stage than that
given in Fig. 7. In light of this prior work, it appears that the
region of high vorticity on the upper surface near the leading
edge is also the beginning of a shed vortex with clockwise
rotation.

The flow behavior on the upper surface near the trailing
edge is particularly interesting since it reveals how the flow
tries to adjust to the expected Kutta condition as lift is de-
veloped. To examine this, velocity profiles at the location nearest
the trailing edge (x = 0.475) are shown in Fig. 8 for several
elapsed times. For a short time, the fluid definitely flows from
the lower surface around the trailing edge to the top surface.
The ^-spacing of nodes is sufficiently small to clearly show

FLOW
C=>
DIRECTION

-.3 -.2 -.1 0 .1 .2 .3 .4
VELOCITY PARALLEL TO PLATE. U

.5 .6

Fig. 7 Contours of constant vorticity for a = 30° and Re = 400.

Fig. 8 Transient development of the velocity profiles on the upper
surface near the trailing edge (x = 0.475), for a = 30° and Re = 400.

this. At t = 0.05, the wall shear stress is evidently positive,
but there is some reversed flow above the plate. This effect
disappears as time progresses, and at t = 0.2 the flow appears to
be leaving smoothly from the trailing edge. This behavior lends
strong support to the present computational scheme, particularly
as it relates to the calculation of K and the spatial distribution
of the bound vorticity along the plate. Also, it illustrates that
computational difficulties are not encountered in regions of
reversed flow.

Conclusions
Concepts which are well established for inviscid aerodynamics

have been extended to the study of unsteady viscous flows.
The basic philosophy has been to replace the solid aerodynamic
shape with appropriate distributions of sheet and bound
vorticity. These are so constituted that the fluid adherence con-
dition is satisfied at the solid surface. The vortex sheets, which
reduce the tangential slip to zero, act as surface sources and
sinks of free vorticity. This enters the fluid by transverse
diffusion and is ultimately distributed throughout the entire
viscous flow. The resulting surface boundary condition is thus
quite different from that used in conventional numerical studies
of two-dimensional flows. It has long been recognized that all of
the fluid vorticity in incompressible two-dimensional flows is
generated at solid surfaces. The phenomenological description
of the mechanism for this has previously been given by
Lighthill.3 However, the present work is believed to be one of
the first to use this as the basis for a computational routine.

The relationship between vorticity and velocity (Biot-Savart
Law) is most familiar to those dealing with inviscid flows.
Nevertheless, it is purely kinematical and is therefore applicable
to viscous flows as well. Indeed, the results presented in the
foregoing sections correspond to fully numerical solutions to the
complete Navier-Stokes equations in two dimensions. The
advantage of the integral relationship is that it allows the
velocity field to be computed directly from the vorticity distri-
butions and thus avoids the usual iterative schemes associated
with stream-function methods.
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When is Hamilton's Principle an Extremum Principle?
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For a dynamic system, the action / for motion from time f0 to time t\ can be written as I = ̂ (T— V)dt,
where T is the kinetic energy and V is the potential energy. In many references to Hamilton's principle, particularly
in the engineering literature, it is stated or implied that the true motion of the system will give the action an
extreme value, usually stated to be a minimum value. In this Paper it is first demonstrated by very simple
examples that Hamilton's principle is not, in general, an extremum principle. Then a relatively elementary and
direct proof, which does not require sufficiency theory from the calculus of variations, is presented which shows
that for certain discrete linear systems the action is always minimized over short time intervals; and a precise
characterization is given for the maximum length of the time interval over which the action is guaranteed to be
minimized by the true solution. Finally, it is shown that for continuous systems the action is never minimized
by the true solution.

Introduction

FOR the restricted but commonly occurring problem of
determining the motion of a conservative system, Hamilton's

principle states that the true motion between time t0 and time
ti will be such as to satisfy the following equation:

(1)

where T = kinetic energy of the system and V = potential energy
of the system. This equation is presented in texts from mathe-
matics,1"4 physics,5 structural mechanics,6 and structural
dynamics7; and in most references it is stated that the true
solution not only makes the quantity

JJ'
= (T-V)dt (2)

(called the action of the motion) stationary but also gives / an
extremum value, usually stated to be a minimum value. For
example, in Ref. 2, it is stated that the actual motion "makes
the functional §\l(T-U)dt a minimum." In Ref. 7 it is said,
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"The stationary value is actually a minimum." Or in Ref. 5,
"... out of all possible paths by which the system point could
travel from its position at time r t to its position at time r2, it will
actually travel along that path for which the integral... is an
extremum, whether a minimum or maximum

Only a relatively few references,1'3'4 generally in the literature
of the calculus of variations, give the more precise statement of
Hamilton's principle in which it is recognized that the action is
possibly minimized only over short intervals of time. Reference
3 contains a brief treatment of one example in which an alternate
form of the action integral is not minimized by a true solution
over long intervals of time. (However, for that example if the
action is defined as given in Eq. (2), then any true solution
minimizes the action for all intervals of time.)

In this paper it will be demonstrated by both example and
proof that in general Hamilton's principle for conservative
systems is not an extremum principle. This will be accomplished
by considering the free vibration of linearly elastic systems. Then
it will be shown that for discrete linear systems, "in fact, the
action is always minimized over short time intervals..." as
stated in Ref. 1, and a precise characterization will be given for
the maximum length of the time interval over which the action
can be guaranteed to be minimized by the true solution. Finally,
for continuous systems it will be shown that the action is never
minimized by the true solution.

It should be noted that these results, while evidently not
well-known in engineering literature, are available in Ref. 4, where


